
CONSEQUENCES OF THEOREM OF THECUBE:

Theorem) ofthecubel.Let X,Y be complete varieties, I variety, (x,yolexx Y and
zotz. Letto be a line bundle on Xx4x7 st211x0x7xz, 21xx10IxZ,fIxx4x120
then 2 is trivial.

Today:
11Any Abelian varietyis projective.
12) Any Abelian varietyis a divisible group +study thestructure oftorsion points.

Corollary:If Xis any voiety, I abelioucietyfigih:X-Y and LePicLY). Then

If +g+h)*2 =1f +g(*2x)f+h*2*(g+h*2f*2-'*g*2-xh*2-.

Proof.We show thatM:=LHSQ(RHS)" is trivial. Notethat

M =If,g,h)*(m*2mi2*G
-

mi*L
-

xmeis*2-kp*2p2*24p*2).35
withmn: xxYxY-+Y M12:4x4xY+7 pixYxYY projection.

(p,q,r) -p+9+r (p,qr) -p+4
Claim:M1yx7x302, M14x107. Alloxyxy are all trivial.
This claim -M trivial by thm ofthecube.

M1yxxo = (m'l*2 (m)*2p*2*2-22 m1.4x4- 4

is trivial is. (p,9)p+9.

Definition:LetX be an abelian variety, LEPicX define Ex: X-Picx
with Tx: x-X, pr-p+X. x -[Tx*202-1]

We wantto study ker2=:K(21.

Corollary:Ithm ofthe squarel.Let LePicX, x,yeX thenTxy)L&2)=T**2*Ty*2.
i.e If(x+y) =Ex(X)*EcY).

Proof:Apply theabove corollary to2 and fix -(x3,g: x+ 1y], h=idx. Ts.

Proposition:KIL1 is a Zcriski closed subgroupof X.
Proof:T***2-Elm*2* p2*2-119x2xx by seesawthm:

k(2)=(x-X:T**2x2=Ea(x) is trivial is closed.

Application (I):Any abelion variety is projective.
We use thefollowing criterion for ampleness,

Lemma:LetD be an effective divisor on X, LLD1 the associated line bundle. TFAE,
(i) H==(xeX / Tx*D =D>=KIL) is finite. (Tx*D=D as divisors).
(ii) K(2) is finite
(iii) Linear system I2D1 is basepointfree andXIIPN is finite.
live & is ample.

We now show that(i) is true for an appropriateD. Let UEX he muffine, open subset,

Containing 0, XIV =D, U-UDn Di irr. divisor thenD=IDi.

#is a closed subgroup ofX hence H is complete and U isstable under translation by elements



ofH - HEV => H is affire. ->His affine +complete - His finiteX is projective. I

ProofofLemma:(iii) ->Liv:use Serre's cohomological sition for ampleness:
(iii)->(iv) H"X, G(D10F) =0 is0 no and compute HilX, OInDIXF)

using a spectral sequence. X AIPNfunile,tai
Grothedieck's spectral

4
p+

b sequence
HP (IPN, R9GAIFQO(nD1)->HP+9IX,FQOIDII however R94*(FQ0(nD1) =0
for 930 since his finite - spectral sequence is degenerateon page 2.
ISlogan:pullback ofample via finite map is ample).

(iv)- (ii) by contradiction & is ample, K(21 not finite.YKI2) positive dim. abelia subuciety
↓14 & (-1y*Gly is bothampled trivial,ample as fly and (-1y*)dy are ample,
trivial by thethmofthecube applied tom*Lly *p*2:l*p2*&-ly + pullback along

(seesaw therem 4 - YxY
y rc (y,-y)(i)t(iii) Basepointfreeness:FxtX Ty*D+T*D- 12D) by squarethm.

Assume thatH is finite and suppose by contradiction, 4:XAIPN is not finite.
Thensome irr. curve (CX is contracted toa point.
&

a:from C, Xx,x2EC TY-xD =D contradicts H being finite.

Application 2:X is a divisible group and for r,1 Xn=ker(n.x) is finite.

Corollary:Forne dePicX, n*2 =2*In2+*(-1x**In2
-n

Proof:In+2 * Intlenx*1 =LQ)-Ix*2 i.e for vn=nL,
Un+2-2Vn+1+V, this holds by corollary I applied to(n+1x, g = 1x, h =

- 1xthe

by induction we are done.

Wanttoshow, Kerlix is finite -> ax is subjective, dimkernx+dimImnx=dimx
I completine bundle on X -L is ample by above corollary. Also if kewinx is trivial.

Is

Proposition:
(Idegnx =n29 g =dimX (21 nx is separable( ptr p-chart.
(31 ptn XIn) =(X/m2)23 XiTn] =Kernx.
14) 5i=30,-, g7 Xn>d XIpr]=(X/p42):

Reminder:finite Sun:morphisms between complete varieties,
kIX k(x) deg(f):=[k(x):k(y)]

f.=>I Rec, sep Sepdeg(f) =[k(x)SP:Kly1]
k(4) A insepdeg(f) =[k(x):f(x)sep).

k(y)

Facts: · It D, _,Dn are divisors on 4 (n=dimy) the

If
*
D,. _.f*Dr) x =degif. (D..-.Dn)y.

· #f-ily) =sepdef for almostall y.
· Consicher Miklye *kxErkx
f is separable it is injective.
k(Y) =kIxP= x= 0.

Proof:Compute deg(f):Choose D ample E= D+ (-1)*Dthen (-1*E =E
=>nE =hE. #O as E ample

-

degnxlE._.El=In?E,_, nElx=nlE, -,Elx =degnx =2g.



#Xin]:#kernx=#fiber ofnx =sepdeg(ix). ptn-ptoleg(nx) -> rx is separable.
=>Akernx =nis for pin. We know thatKerinx): 2/di2 x-x/dr2 del-1dr
Consider Ild, pine #X[1]=125 =1 + r=2g.
Moreover diln sod.._.=ne here dien. Vi.

En In

pin- rx is notseparable. #Xtp]=(pm:0xig.
L =n(k(X) <k(x)

show: *fix tohe
(2) dinxo = n. idx, =0.
12) invariantdifferentials globally generatedi

([k(XP -> [kIX):(3<p3:take t-ity transcendence basis of kIX).
t?. (izg 0djIp-1 are lin. indep. Over 4XPIL.


